INTRODUCTION
We begin with four classical theorems illustrating the circle of questions to be discussed. They involve uniqueness theorems for positive harmonic functions on the one hand and the asymptotic behavior of harmonic functions on the other.
(a) The The first three theorems are uniqueness theorems while the Riemann theorem is a theorem on the asymptotic behavior near an isolated singular point. We shall show that these two types of theorems are closely related, apply to more general linear (and also semilinear) elliptic equations and can be treated using a unified approach.
Throughout the paper we deal with a triple (P, X, Q. Here P is a real linear elliptic operator of second order which is defined on a domain d>_ 2 and ç is a point on the (ideal) boundary of X. More precisely, we consider the following two cases:
(i) The intersection of X with some exterior domain is an open connected truncated cone with a Lipschitz boundary (ii) X is a domain (maybe nonsmooth and unbounded) such that the origin 0 is either an isolated component of the boundary r = ax or 0 belongs to a Lipschitz portion of r. Here § = 0. We shall call such an operator P a Fuchsian elliptic operator at ~ which is defined on X. We consider the domain X as a subset of the one point compactification of [Rd and denote by X and bX its relative closure and boundary. We are concerned with the set ~~ _ ~~ (P, X) of all positive (classical) solutions of the equation P u = 0 in X which has minimal growth at ~XB~ ~ ~. So, we are concerned with classical positive solutions of the operator P in X which satisfy a generalized Dirichlet boundary condition except at the point ç.
(But the same methods apply to the case of weak or strong positive solutions as well, in this case one can impose weaker regularity assumptions on the coefficients of P.) We shall also discuss briefly positive solutions on X which satisfy the regular oblique derivative boundary condition.
Assume that P satisfies also the following hypothesis (H): (H) the equation P u = 0 in X has at least one positive solution (X).
Under this assumption, it follows (see Lemma Uniqueness properties and asymptotic behavior of positive solutions of elliptic operators were studied extensively by many mathematicians. Let us first mention some of the known results for the case 03B6 = ~. D. Gilbarg and J. Serrin ([8] , Section 4) proved a Liouville type theorem and the existence of a limit at infinity for the case X = (~d under the additional assumption c (x) -0 (see [20] for a probabilistic proof). The proofs in [8] and [20] rely in a very crucial way on the facts that in this case the function u (x) E= 1 is a positive solution of the equation P u = 0 and that P satisfies the maximum principle (see also [7] , p. 103, Theorem 1.11). In [15] , M. Murata proved that dim ~~ =1 for a general Fuchsian operator in a cone X with 03B6 = ~ (see the Appendix in [15] , see also [12] ). Our more general approach is quite similar to the proof of the uniqueness result in [15] . Murata also discussed in [15] Section 9) .
The Picard principle and Riemann theorem concerning the behavior of positive solutions of linear and semilinear equations in a neighborhood of an isolated singular point § = 0 was studied extensively in the last three decades. The linear case was studied in [8, 10, 13, 16, 17, 24, 26] while the semilinear case was treated in [4, 5, 22, 23, 27, (iii) Suppose that P is subcritical and the coefficients of the formal adjoint operator P* satisfy the same local regularity assumptions as the coefficients of P. Then the set of all Martin functions for the operator P* corresponding to Martin fundamental sequences which converge in cl X to ~ is a one point set.
Proof -{i ) Let ~ be an essential set for (P, X, ~) and let Rn, Sn = X (~ SRn and 1 be the corresponding radii "spheres" and "annuli" respectively (see Section 5) . Now set Consider the "annulus" Cn and let Now, let n -oo in (7 . 7), we obtain a = b.
(ii) By lemma 5 Since v ~ ex K, Equation (7 . 11 ) implies that u = v which contradicts our assumption. So, part (ii) is proved.
(iii) Let G (x, y) be the Green function of P in X. It is well known that the Green function G* (x, y) of P* is given by G* (x, y) = G (y, x).
For every XEX the functions u ( y) = G ( y, x) and v ( y) = G ( y, xo) are positive solutions (of the operator P) of minimal growth in X. Thus, by Lemma (ii) The relationships between the Martin boundary at infinity of P* and the limits at infinity of quotients of two positive solutions of minimal growth at infinity of the operator P are stressed in [21] ..
The following corollary is the extension of the Liouville positive theorem, the Picard principle and the Poisson principle for the case of smooth boundary. COROLLARY 7.3. -(i) Assume that P is a weakly Fuchsian operator at infinity in a Lipschitz cone X and assume that P admits a positive solution in X. Suppose that the coefficients of P and P* are Lipschitz continuous up to the boundary ~X. Then the cones of positive solutions of the operators P and P* that vanish on aX are of one dimension. 
